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Abstract. The entangled ergodic theorem concerns the study of 
the convergence in the strong, or merely weak operator topology, 
of the multiple Cesaro mean 

1 N ^ 

n 1 ,...,n k =0 

where U is a unitary operator acting on the Hubert space 7i, 
a : {1, . . . , to} i— > {1, . . . , k} is a partition of the set made of m 
elements in k parts, and finally Ax, ... , A 2 k-\ are bounded opera- 
tors acting on H. 

While reviewing recent results about the entangled ergodic the- 
orem, we provide some natural applications to dynamical systems 
based on compact operators. 

Namely, let (21, a) be a C* -dynamical system, where 21 = K,(H), 
and a = Adu is an automorphism implemented by the unitary U . 

We show that 

N-l 

lim — V a" = £ , 

n=0 

pointwise in the weak topology of IC(H). Here, E is a conditional 
expectation projecting onto the C*-subalgebra 

f E z B(n)E z )f)lC(H). 

V ze CT pp([/) / 

If in addition U is weakly mixing with £1 G TL the unique up 
to a phase, invariant vector under U and u) — (-0,0), we have 
the following recurrence result. If A e JC(H) fulfils ui(A) > 0, and 
< mi < TO2 < • • • < to; are natural numbers kept fixed, then 
there exists an No such that 

AT-l 

— u(Aa nmi {A)a nm2 {A) ■ ■ ■ a nm ' (A)) > 
for each N > N . 

Mathematics Subject Classification: 37A30. 
Key words: Ergodic theorems, spectral theory. 
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1. INTRODUCTION 

Recently, it was shown that same ergodic properties of classical dy- 
namical systems fail to be true by passing to noncommutative setting. 
It is then of interest to understand among the various ergodic proper- 
ties, which ones survive by passing from the classical to the quantum 
case. We mention the pivotal paper [7], where such an investigation 
is carried out for some basic recurrence, as well as multiple mixing 
properties. 

Notice that it is in general unclear what should be the right quantum 
counterpart of a classical ergodic property. As an example, we mention 
the property of the convergence to the equilibrium (i.e. ergodicity for 
an invariant state a;) 

N-l 

lim —y"u(B*a n (A)B)=u(B*B)tu(A) 

n=0 

suggested by the quantum physics, and the standard definition of er- 
godicity 

N-l 

N^+oo iV z — ' 
n=0 

We refer the reader to [4], Proposition 1.1 for further details. 

A notion which is meaningful in quantum setting is that of entangled 
ergodic theorem, introduced in [1] in connection with the central limit 
theorem for suitable sequences of elements of the group C*-algebra of 
the free group on infinitely many generators. 

The entangled ergodic theorem can be clearly formulated in the fol- 
lowing way. Let U be a unitary operator acting on the Hilbert space 
7i, and for m > k, a : {1, . . . , m} i— > {1, . . . , k} a partition of the set 
{l,...,m} in k parts. The entangled ergodic theorem concerns the 
convergence in the strong, or merely weak operator topology, of the 
multiple Cesaro mean 

1 N ^ 

m,...,n fc =0 

Ai, . . . , A m _i being bounded operators acting on 7i. 

Notice that expressions like (1.1) naturally appear also in [7] rela- 
tively to the study of the behaviour of the multiple correlations. Just 
by considering the simplest case of the partition of the empty set, the 
limit of the Cesaro mean in (1.1) reduces itself to the well-known mean 
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ergodic theorem due to John von Neumann (cf. [8]) 



(1.2) 



1 

s — lim — > 

N^+oo N ^ 
n=0 



1 ; 



Ei being the self adjoint projection onto the eigenspace of the invariant 
vectors for U . 

Some applications of the entangled ergodic theorem are discussed 
below. Apart from the other potential applications to the study of 
the ergodic properties of quantum dynamical systems, the entangled 
ergodic theorem is a fascinating self-contained mathematical problem. 
It is certainly true if the spectrum cr(U) of U is finite. Some very special 
cases for which it holds true are listed in [6]. 

The first part of the present paper, based on [2, 3], is devoted to 
review the known results on the entangled ergodic theorem. 

We start by considering the sufficiently general situation when the 
operators A 1 , . . . , A m _ 1 in (1.1) are compact (cf. [2]). 

Then we pass to the case when the unitary U is almost periodic 
(i.e. H is generated by the eigenvectors of U), and a : {1, . . . , 2k} i— > 
{l,...,k} a pair-partition, without any condition on the operators 



Another interesting situation arises from the generalization to the 
noncommutative setting, of the ergodic theorem of H. Furstenberg rel- 
ative to diagonal measure (cf. [3, 5]). By using such a result, we can 
treat the followig situation. Let M be a von Neumann algebra equipped 
with the adjoint action of an ergodic unitary U, and a standard vector 
Q which is invariant under U. Let M' be the commutant von Neumann 
algebra of M. In this situation, the Cesaro mean 



converges in the strong operator topology for each A e M(J M' (cf. 
[3]). Notice that (1.3) is the particular case of (1.1) relative to the 
trivial pair-partition of two elements. 

The second part of the present paper concerns the application of the 
entangled ergodic theorem, as well as some lines of its proof, to the 
investigation of ergodic properties of C*-dynamical systems based on 
compact operators. More precisely, let (21, a) be a C*-dynamical sys- 
tem, where 21 = JC(H), and a = Adu is an automorphism implemented 



A 1 , . . .,A 2 k-i (cf. [3]). 




N-l 



(1.3) 



n=0 
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by the unitary U. We show that 

1 N ^ 
lim — y^a n = E, 

pointwise in the weak topology of /C(7Y). Here, E is a conditional 
expectation projecting onto the C*-subalgebra 

( E Z B{H)E Z \^K{H). 

If in addition U is weakly mixing with Q e the unique up to a 
phase, invariant vector under U, we can consider the weakly mixing C*- 
dynamical system (21, a, u) where uj = We prove the following 

recurrence result. If A e JC(H) satisfies u(A) > 0, and < mi < m 2 < 
■ ■ ■ < mi are natural numbers kept fixed, then there exists an iVo such 
that 

N-l 

— ^Lo{Aa nmi {A)a nm2 {A)---a nmi {A)) > 

n=0 

for each N > N . 

We end the present section with some notations and definitions useful 
in the sequel. 

The convergence in the weak, respectively strong operator topology 
(see e.g. [10, 11]) of a net {A a } aeJ C B(H) is denoted respectively as 

w — lim A a = A , s — lim A a = A . 

a a 

Let U be a unitary operator acting on Ti. Consider the resolution 
of the identity {E(B) : B Borel subset of T} of U (cf. [12], Section 
VII. 7). Denote with an abuse of notation, E z := E({z}). Namely, E z is 
nothing but the selfadjoint projection on the eigenspace corresponding 
to the eigenvalue z in the unit circle T. Denote a pp (U) := {z E T : 
z is an eigenvalue of U } (cf. [8]). 

The unitary U is said to be ergodic if the fixed-point subspace E{H 
is one dimensional. By the mean ergodic theorem (1.2), it is equivalent 
to the existence of a unit vector ^ ETC such that 

1 N ^ 

n=0 

or equivalently, 

n=0 
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The unitary U is said to be weakly mixing if there exists a unit vector 
( G^ such that 

1 N ^ 

^ n=0 

A unitary U is weakly mixing if and only if a pp (U) = {1} and E\ = 
( ' i £o)£o) see e -g- [7], Proposition 5.4. 

The unitary U is said to be almost periodic if H — Tl^ p , Ti^p being 
the closed subspace consisting of the vectors having relatively norm- 
compact orbit under U. It is seen in [7] that U is almost periodic if 
and only if Ti is generated by the eigenvectors of U. 

For a (discrete) C*-dynamical system we mean a pair (21, a, ) con- 
sisting of a C*-algebra 21, and an automorphism a of 21. If in addition, 
a state oj G 5(21) invariant under the action of at is kept fixed, we 
consider also C*-dynamical systems consisting of a triplet (21, a, oo) . 

A C*-dynamical system (21, a, a;) is said to be ergodic if for each 
A,Be% 

N-l 
n=0 

It is said to be weakly mixing if 

AT-l 

^ n E M^W) " I = 

n=0 

for each A, B e 21. 

Let (7Y, 7r, £/, Jl) be the GNS covariant representation (cf. [11], Sec- 
tion 1.9) canonically associated to the dynamical system under consid- 
eration. Then (21, a, ui) is ergodic (respectively weakly mixing) if and 
only if U is ergodic (respectively weakly mixing), see e.g. [7]. 



2. THE ENTANGLED ERGODIC THEOREM 

The present section, based on [2, 3], is devoted to review the known 
results on the entangled ergodic theorem. 

2.1. case of compact operators. 

We start with the entangled ergodic theorem for general partitions of 
any finite set {1, . . . , m}, and for compact operators {A±, . . . , A m -{\. 
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Let U G B(H) be a unitary operator, and for m > k, a : {1, . . . , m} \— > 
{1, . . . , k} a partition of the set {1, . . . , m} in k parts. 1 

Theorem 2.1. (c/. [2], Theorem 2.6) 

For m > k, let a : {1, . . . , m} i— > {1, . . . , k} be a partition of the set 
{1, . . . , m}. If {Ax, . . . , A m _{\ C JC(H), then the ergodic average 

1 

— U nci(1) A, U na( - 2) ■ ■ ■ U na(m - r) A _i U na( - m) 

J\fk / j 1 m 1 

ni,...,n fc =0 

converges in the weak operator topology to some bounded operator S a .A u ..., 
13(H). 

Proof. Define 

1 N ^ 

T N ■= — U^wAxU 11 ^ ■ ■ ■ C/ n «(— i) A m _iC/ n «(-) . 

ni,...,n fe =0 

Notice that 

m— 1 

l|r*|| < n K-ll ■ 

By Theorem II. 1.3 of [11], it is then enough to show that the (rjvz, y) 
converges for each fixed x,y <E H. On the other hand, we can approxi- 
mate the Aj by finite rank operators. Namely, put K : = max!<j< m _! \\Aj 
Choose finite rank operators Aj, such that \\Aj\\ < K and \\Aj — Aj\\ < 

— r -71 — , j — 1, . . . ,m — 1. We have with obvious nota- 

4(m- l)K m - 2 ||x|||||/|| 

tions 

\(T N x,y) - {T M x,y) \ < \\T N - T £ N \\ + ||T M - T £ M \\ 
+ | (T%x, y) - (r M x, y) | < | + | (T%x, y) - (T £ M x, y) \ . 

Thus, it is enough to show that 

1 \ 

— Y U^wAiU 71 ^ ■ ■ ■U na ^-vA m _ 1 U na ^x,y) 

ni,...,n k =0 



*A partition a : {1, . . . , to} {1, . . . ,k} of the set made of to elements in k 
parts is nothing but a surjective map, the parts of {1, . . . , to} being the preimages 
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converges for every x, y G Ti,, whenever the Aj are rank one operators. 
By using the explicit computations in [6], we obtain in this situation, 

N-l 



I 1 \ 
/— TP^A-JT^ •••[/"«(— An- i C/ n «(-> x,y) 

' m,...,n k =o 

k N-l 
j=l nj =0 {p\a(p)=j} 

-n//-£..,.„(^E( n %r) n w^.^: 
— ^n//"/ ! x«( n 2 p) n (^(d%)^j>ypj> 

where we have used the Lebesgue dominated convergence theorem. 
Here, the x p j, y p j are vectors uniquely determined by the rank one 
operators A 1 ,...,A m _ 1 and vectors x,y, and finally xa denotes the 
indicator of the set A. □ 

It was shown in [2] that if a : {1, ... , 2k} i— > {1, . . . , k} is a pair- 
partition, we can explicitely write the formula for S a - t A 1 ,...,A 2k - 1 £ B(7i). 
Namely, define 

a pp(U) := {z G cr pp (U) : zw = lfor someto G cr pp (U)} 

Then we have 

w-lirJ — [/««.(!) i 4 1 C/"a(2) . . . u n «v k -v A 2k - 1 U n «w \ 

n I N k J 

v ni,...,n fe =0 ' 

(2.1) = V £# A ± E z# A 2k _ 1 E z# , 

^ ' Z a(l) Z a(2) a(2fc-l) a(2fe) 

zi,...,z fc e<7» p (t/) 

Here, the pairs are alternatively Zj and Zj whenever a{i) = j, 
E z is the self adjoint projection on the eigenspace corresponding to the 
eigenvalue z G a pp (U), 2 and finally the sum in the r.h.s. is understood 
as the limit in the weak operator topology of the net obtained by con- 
sidering the finite truncations of the r.h.s. of (2.1) (cf. [2], Proposition 



If for example, a is the pair-partition {1, 2, 1, 2} of four elements, 

Sa;A,B,C = ^ E Z AE W BE Z C Eyj . 
z,wea*(U) 



FRANCESCO FIDALEO 



2.3). Notice that (2.1) cannot be extended to the whole 13(H), see the 
example in pag. 8 of [7]. 

2.2. almost periodic case. 



Another case for which the entangled ergodic theorem can be proved 
is the almost periodic case, that is when the Hilbert space is generated 
by the eigenvectors of the unitary U. In this situation, we have no 
conditions on the bounded operators appearing in (1.1). 

Theorem 2.2. (cf. [3], Theorem 2.6) 

Suppose that the dynamics induced by the unitary U on H, is almost 
periodic. Then for each A 1 , . . . , A 2 k-i G 13(H), 

( I N - 1 1 
s-linJ — V U n ^A-JJ n ^ ■ ■ ■ C/W-i) A 2k -iU n <*w I 
n I N k ^-^ ! 

v ni,...,n fc =0 J 
=S a -A 1 ,...,A 2k _ 1 ■ 

Proof. To simplify, we treat the case of the partition {1,2,1,3,2,3}, 
the general case follows the same lines of this case. Fix e > 0, and 
suppose that A, B, C,D,F G 13(H) have norm one. Let I £ be such that 



x 



ael e 



< £ . 



For each a G I £ , let I e (cr) be such that 



FE a x — E rFE a 



X 



< 



Choose N £ such that 



JV-l 



l -Yj,°U) n - E-^jDE T FE c x 



n=0 



< 



Ei'. 



ael e 



whenever N > N £ and a G I £ , r G I £ (<r). For each a G I £ , r G 1 £ (j) 
let I £ (a,r) be such that 



CE & DE T FE a x - E p CE^DE T FE a 

pel e (a,r) 



X 



< 



Eft 



a€l e 
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Then 

N-l 



± Yl U k AU m BU k CU n DU m FU n x-S a . iAiB ,c,D, F x 

k,m,n=0 

**+E E E (sEw^fiEw) 

<J6/ e re/ e ( CT )pe/ e ( CT ,r) V fe=0 7 V m=0 

x BE p CE 5 DE T FE a x - E- p AE f BE p CE^DE T FE a x 

Taking the limsup on both sides, we obtain the assertion by the mean 
ergodic theorem (1.2). □ 

2.3. diagonal measures. 

We treat the natural generalization to the quantum case of the cele- 
brated result due to H. Furstenberg relative to the diagonal measures 
(cf. [5], Section 4.4). 

We start with a C*-dynamical system (21, a, a;), together with its 
GNS covariant representation (7i, n, U, Q). Denote M := 7r(2l)", the 
von Neumann algebra acting on 7i generated by the representation 
7r. The commutant von Neumann algebra is denoted as M' . Suppose 
further that the support s(u) in 21** is central. The last property simply 
means that Q is separating for vr(2l)", see e.g. [10], Section 10.17. 

Let Wl := M<g) max M' be the completion of the algebraic tensor prod- 
uct m := w.r.t. the maximal C*-norm (cf. [11], Section IV.4). 
It is easily seen that on 9?T the following two states are automatically 
well-defined. The first one is the canonical product state 

<p(A(g) B) := (Att,tt)(Bn,tt) , A e M , B e M' . 

The second one is uniquely defined by 

ip(A <g> B) := (ABtt, SI), Ae M , B E M' . 

The state ip can be considered the (quantum analogue of the) "di- 
agonal measure" of the "measure" tp. 

On 9Jt is also uniquely defined the automorphism 

7 := Adu Cg> Adi/2 , 

see [11], Proposition IV.4. 7. Of course, (9Jt, 7, <p) is a C*-dynamical 
system whose GNS covariant representation is precisely (TC ® TC, id ® 
id, U®U 2 , fiegfi) . Denote E\ the selfadjoint projection onto the invari- 
ant vectors under U ®U 2 . Notice that the *-subalgebra 91 is globally 
stable under the action of 7. 
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In addition, again by Proposition IV.4.7 of [11], 

a(A <g> B) := AB , A E M , B E M' . 

uniquely defines a representation of 97t on Ti, such that (TC, cr, Q) is 
precisely the GNS representation of the state ip. 

Let A G M, B E M' . Then by the mean ergodic theorem (1.2), 

1 N-l 1 N-l 

n=0 n=0 




— ► (AQ, fi) = <p(A B) . 

According with Definition 4.1 of [3] (see also [5], Definition 4.4), this 
means that the state ip E 5(971) is generic for (971, 7, <p) w.r.t. 91. In 
addition, define 

£ := {(z, w) G <7p P (£/) x a pp {U) : zw 2 = 1} . 

Then by Lemma 4.18 of [5], 

-E^ 7 being the selfadjoint projection onto the eigenspace of U corre- 
sponding to the eigenvalue z. As U is supposed to be ergodic, by 
Proposition 2.2 of [3], E^H is one dimensional, and E^H and E^H are 
generated by V Za Q, W Wa Q, where V Zg and W Ws are unitaries of M Zs : = 
{A EM : UAU' 1 = z s A}, (M') Ws := {B E M' : l^Bf/- 1 = w s 5} re- 
spectively. Thus, E^H^E^H is one dimensional, and it is generated 
by V Zs tt <g> This means that 9tfi f| E{H®>H is dense in E{H®H. 

Then the map 

Ajfi <g> G 9lfi p| E{H®H i-> ^ A^-ft e W 

uniquely defines a partial isometry V : 1— > 7i such that V'*^ = 
EiTiMH. For £,rj E TC, such an isometry has the form 

(2.2) V(£®?7)= ^ foWfot^V^ft, 

{2,W)Go-(t/) : zw 2 = l} 

where V^Sl, unitary of M z (equivalently W z fl, W z unitary of (M') z ) 
generates the one dimensional subspace E^H for z E o pp (U). 



ERGODIC THEORY 



11 



Theorem 2.3. (cf. [3], Theorem 5.2) 

Let (21, a, a;) be an ergodic C* -dynamical system such that its support 
c(u) in 2T* is central. Then for each A e M\JM', 

N-l 

s-lim — V U n AU n = V (AVI <g> ■ ) , 

JV-+00 N ^ 
n=0 

where V is the isometry given in (2.2). 

Proof. As ip is generic for (971, 7, if) w.r.t. M <g> M' and the last *- 
algebra is left stable by Ady <8> Adj/2, we can apply Theorem 4.5 of [3] 
(see also [5], Theorem 4.14 for the Abelian case) obtaining for X e M, 

y g m' 

1 

lim — V U n XU n YQ = V (XQ <g> YT2) . 

n=0 

If A 6 M the proof follows as Q is cyclic for M'. By exchanging the 
role between M and M' , we obtain the result whenever A e M' □ 

If (21, a, a;) is weakly mixing and < mi < m,2 natural numbers, we 
prove following the same lines of Theorem 2.3, but in a different way 
from [7], that 

N-l 

(2.3) s-lim— y^U nmi AU nm2 = (AQ,n)(- 

Af^+oo N ^— ■( 

n=0 

for each A e MUM'. 



3. APPLICATIONS 

We start with the following recurrence result which is a direct con- 
sequence of Theorem 1.3 of [7]. By (2.3), we then have an alternative 
proof of it. 

Proposition 3.1. Let (21, a, uS) be a weakly mixing C* -dynamical sys- 
tem such that its support c(u) in 21** is central, and < m\ < m 2 
natural numbers. Consider A e 21 such that ui(A) > 
Then there exists an N such that 

1 N ^ 

— J2 uj(Aa nmi (A)a nm2 (A)) > 

n=0 

for each N > N . 
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Proof. We have by (2.3), 

1 N ^ 

jV-++oo iV z — ' 
n=0 

1 JV_1 

= lim — V (AU nmi AU n( - m2 - mi) Att,tt) 

n=0 

=w(A) 3 > 0. 



□ 



Now we pass to some interesting applications concerning compact 
operators. 

Proposition 3.2. Let U be a weakly mixing unitary acting on the 
Hilbert space H, Ai, . . . , A k -i G JC(H), and finally mi, ... , m k fixed 
nonnull natural numbers. Then 



N-l 



w-lim — U nmi A x U nm2 A 2 ■ ■ ■ U nmk -^ A k _iU nmk 



n=0 

(3.1) =E 1 A 1 E 1 A 2 --E 1 A k - 1 E 1 . 

Proof. As U is weakly mixing, o- pp (U) = {1} and E x = ( • ,Q)Q for a 
unique up to a phase unit vector. In addition, we can approximate 
the Aj by finite rank operators as explained in Theorem 2.1. We now 
decompose U as 

(3.2) u = (-,n)n + Efu, 

where E± is the selfadjoint projection onto the closed subspace on 
which U has purely continuous spectrum. By inserting (3.2) in (3.1), we 
obtain an addendum containing in all place the piece (■ the last 

coinciding with EiAiEiA 2 ■ ■ ■ EiA k _iEi. As we reduced the matter to 
the case when the Aj are rank one operators, the remaining addenda 
contain a multiplicative factor of the form 

(3-3) Gn:=IJ-- j (^J2( z ? 1 --- z ?T^dMzi)---d» j (z j ). 

In (3.3) 1 < j < k is fixed and depends on the addendum under 
consideration, and 

&Hi{zi) := (E(dzi)xi, yi) , l<l<j 
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are bounded signed Borel measure without atoms. As 

N-l 

-]T(,r--<T^X{i}(^---^) 



n=0 



pointwise, by taking the limit in (3.3), we obtain by Lebesgue domi- 
nated convergence theorem and Fubini theorem, 



lim Gn 

N—>+oo 



/ f(zi, Zj_i) d/xi(zi) • • • d/ij-i(^--i) 



where 



The proof follows as, for fixed z±, . . . , Zj-i G T, 



#{ 



% : z i 1 



1} 



rrij. 



□ 



Notice that, if cr pp (U) = 0, then 



AT-1 



-lim — V U nrni A 1 U nm2 A 2 ■ ■ ■ \J nm ^ A k ^U nmk = . 



w v 

JV^+oo iV 



n=0 



con- 



The proof of the next lemma is the same as Lemma 2.2 of [2]. 

Lemma 3.3. The net { ^ zeF E Z AE Z | F finite subset ofa pp (U)} 
verges in the strong operator topology. 

We symbolically write for such a limit 

s-lim E Z AE Z =: V E Z AE Z . 

F^ PP (U) j-i 

2G(7pp((7) 

Proposition 3.4. Let U be a unitary acting on the Hilbert space 7i, 
and A e K{H). Then 

N-l 

(3.4) w-lim — Vc/MET" = V E Z AE Z . 

z£<T pp (U) 



n=0 



Proof. By approximating A with a finite rank operator A £ , we have 
±J2u n AU- n x,y\ - / E,AE,x,y\ 

n=o I \ ze* pp (U) ' 



N-l 



n=0 



lj2u nA e u ~ nx >y) - { E E ^ E ^y 
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So, it is enough to check (3.4) for rank one operators A = ( ■ ,£)rj. 
In this situation, we have 

N-1 , N-1 

- J2 U n AU- n x, y ) = - J2 (U n V, V) (U- n x, 

n=0 ' n=0 

= / f^ ( ™ )B ) {E{dz)r1, y) {E{dw)x > 

— >/ J2 E * AE * x >y 

\ ITT\ I 



as 



z£a pp (U) 



1 



— ^{zw) n — ► Xi(zw) 



n=0 



pointwise. See Proposition 2.4 of [2] for further details. □ 



4. C*— DYNAMICAL SYSTEMS BASED ON COMPACT OPERATORS 

The present section is devoted to the study of some interesting er- 
godic properties of C*-dynamical systems based on compact operators 

Following the same lines of the previous results, we pass to the study 
of the convergence of Cesaro mean of automorphisms a of the C*- 
algebra K,(H) consisting of all the compact operators acting on H. 
Consider the double transpose a** G Aut(B(7Y)). As such an automor- 
phism a** is inner (cf. [10], Corollary 8.11), there exists a unitary U 
acting on Ji such that a = Ady. Namely, each automorphism of K.(Tl) 
is implementable on 7i. 

Lemma 3.3 allows us to define £ : B(H) h- > B(H) as 

(4.1) £{A): = J2 E * AE * 

zea pp (U) 

The properties of £ are collected in the following 

Proposition 4.1. The map £ is a conditional expectation projecting 
onto the C* -subalgebra @ E Z B(H)E Z . 

z£a pp (U) 

Proof. Following the same line of Lemma 2.1 of [2], we see that \\£\\ = 1. 
In addition 



£(£(A))= E u,E z AE z E w = ]T E Z AE Z = £(A) 

Z,W€a pp (U) 2gCTpp(J7) 
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Namely, £ is a norm one projection onto the the C*-subalgebra 
E Z B(H)E Z , hence a conditional expectation, see [9], Theorem 

z£a pp (U) 

9.1. □ 
Notice that the identity £(I) of the range of £ is precisely 

zeo-pp(u) 

the selfadjoint projection onto the closed subspace of TL generated by 
the eigenvectors of U. 

Now we specialize the matter to the case when A is a compact op- 
erator. 

Lemma 4.2. If A e JC(H) then £{A) e JC(H). 

Proof. We have by Schwarz, Holder and Bessel inequalities, 

\{£(A-B)x,y)\< \((A-B)E z x,E z y)\ 
ze<T PP (u) 

<\\A-B\\ \\ E ^\\\\E z y\\ 

z€<t pp (U) 

<\\a-b\\( y: \\E z x\n i/2 ( e n^ii 2 ) 172 

ze<jpp(u) z£<Tpp(u) 
<\\A - S||||x||||y|| . 

Thus, we can approximate A by a finite rank operator. In addition, 
for a rank one operator A — ( ■ , y)x, we have by polarization, 

A = \ E z(-,x + zy)(x + zy). 

{z€T:z 4 =l} 

Namely, we can reduce the matter to the case when A is the rank 
one positive operator ( • , x)x. We now compute 

(S(A)x,x)= £ ||i?^|| 2 . 
ze<jpp(u) 

As the last sum is convergent, there exists an at most countable set 
zi,Z2,--- C a pp (U) depending on A, such that E z x = if z ^ Zj, 

I I TP. T» I I ^ CtTT 

■3 ■ W^Zj- 



j = 1,2,... . In addition, lim||i? z .x|| =0. Put Xj := ||£J a .x|| 2 and 



3 

Vi : = 3 = 1,2,.... We have 



= XX ' E Zj x)E z .x = X j( • > %■)%■ • 
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N 

It readly seen that Xj{ • , Uj)yj converges in norm, that is £{A) is 

3=1 

a compact operator. □ 

Proposition 4.3. The restriction E := £\tc{H) °f the map in (4.1) 
gives rise to a conditional expectation projecting onto the C* -subalgebra 

zea pp (U) 

Proof. Lemma 4.2 tells us that S maps the compact operators into the 
compact ones. Moreover, (£\k(h)) — £ an d the proof follows. □ 

Theorem 4.4. Let a be an automorphism of JC(H), with U the unitary 
acting on H implementing a. Then 

1 N ^ 
lim -Ya n = E, 

n=0 

pointwise in the weak topology of JC(H), E being the conditional expec- 
tation given in Proposition 4-3 . 

Proof. By taking into account (3.4), 

N-l 

(4.2) w-lim-£a"(A)=£CA) 

n=0 

whenever A is compact. Let now T be a trace class operator and T £ be 
a finite rank operator such that Tr(|T — T £ \) < e, Tr being the unique 
normal faithtful semifinite trace on B(H). Then 

^ ^ n=0 ' ' \ n=0 

+\ Tr((T - T £ )E(A)) \ + Tr (t £ (± £ a n (A) - E(A) 

<2e\\A\\+Tr(r e (±^a»(A)-E(A^ . 

Thus, we reduce the matter when T is finite rank. The proof now 
follows by (4.2). " □ 

Notice that if a pp (U) = 0, 

n=0 
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and if a pp (U) = {1} with ft the unique up to a phase invariant vector 
for U, that is in the case of weakly mixing C*-dynamical systems based 
on compact operators, 

7V-1 
n=0 

uo being the vector state (• ft, ft). 

We end the present section with a recurrence result which is an 
immediate corollary of Proposition 3.2. 

Let (21, a, uo) be a weakly mixing C*-dynamical system, where 21 = 
/C(7Y), a = Adu, and u = (-ft, ft), with ft invariant under the action 
of the unitary operator U. 

Proposition 4.5. Under the above conditions, if u(A) > 0, and < 
m\ < m<i < • • • < mi are natural numbers kept fixed, then there exists 
an N such that 

1 N ^ 

— ^uj{Aa nm '{A)a nm ^A)---a nmi {A)) > 

n=0 

for each N > N . 

Proof By Proposition 3.2, we have 

N-1 

Jim ( Aanmi ( A ) a"™ 2 ( A )--- «" mi ( A ) ) 

^ + °° n=0 



JV-l 

=(AE 1 AE 1 ■ ■ ■ AE x AVl, Q) = u(A) l+1 > . 



1 N ^ 

= lim —V (AU nmi AU n( - m2 - mi) ■ ■ ■ AU^-^-^AQ, ft) 



n=0 



□ 
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